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This is a relevant hypothesis when:

e There is a physical, underlying submanifold;
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Cyclooctane (CgHjg) conformations [martin2010topology]



This is a relevant hypothesis when:

e There is a physical, underlying submanifold;
e The data is high-dimensional, but a few implicit parameters are

suspected to drive the dataset.

Cat images from the COIL-20 dataset [? ].



This is a relevant hypothesis when:
e There is a physical, underlying submanifold;
e The data is high-dimensional, but a few implicit parameters are
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Low-dimensional representation of the COIL-20 dataset with UMAP
[mcinnes2018umap].



Motivation : low dimensional (latent) structure- Toy example

e high dimensional datasets X; € RP: underlying low dimensional structure

Aim : estimate the density of X;



Dimension reduction

e Lots of methods to do dimension reduction

e Linear : data belongs to a low dimensional subspace
e Non linear :
e data belongs to a low dimensional manifold (Ozakin et al. 09,

Berenfeld et al. 21, Divol 21, Tang 22)



Manifold driven anisotropic
densities



Mathematical formalisation

e Data X; € RC X £ but
Xi € M° = {x,d(x,M) <6}, M =d—dim. manifold, d <D

e M is unknown, § is small
e M hasreach > 7> 0and § < 7.
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Mathematical formalisation Il: smoothness definition

e |ocal parametrization :
Vi (vyn) € TyM X NygM — W, (v) + Ny (v, 1), Ni(v,n) = SN (v, n)
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Examples of manifold-driven Holder densities

Xi - \/1 +(56i7 \// ~ f:k on M7 € € B(Oa 1)7 f:k S HM(ﬁO'/ L)
M is By + 1 Holder : Wy, € H(Bw, C).

e Orthogonal noise (eg Wasserman et al. , Nigoyi et al.) :
€| Yi ~ K(€)uny,m(de) K € H(BL, C)

e Isotropic noise (eg Wu& Dunson) : €; ~ K(¢€) ind of Y,
KeH(BL,C); Po<BL.
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Prior




Prior on f: Location scale Gaussian mixtures

() = [ ox(x— 1P T)
e Choice of P: Crucial

e if P~ DP(A,Gy), Go = N x IW + standard density on R?
— suboptimal rates (De Blasi et al. , Naulet & R)
If density near manifold
empirically bad behaviour (Mukhopadhyay& Dunson)
e If Location mixture : P(du,dX) = d(xyP1(du) : Good rates for
homogeneous smoothness but not adapted here

e Hybrid location scale mixture: Good rates for homogeneous
smoothness and flexible (Ghosal& VdV 07, Naulet & R)
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2 types of NP mixtures

e Partial location - scale mixtures ¥ = OTAO, A = diag(\1,--- , A\p).

K
fon(x) = / pornolx — dP(, 0), P="piby.0,K € NU {oo}
k=1

iid
N G

e Hybrid location scale mixture P =372 Pkl 00 A

fo(x) = / pornolx — w)dP(, 0, A)

[P(du, dO, dN)|Q] ~ DP(A;Go(du, dO) x Q®P(d)N)),
Q ~ DP(A2G1(dN))
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theory




Theoretical results: posterior contraction rates

Xi o true density

e For the 2 types of Mixtures with Gy: /A; ~ IG(by, by)
o if forall xo € M fo € H(B,L) +

fo(X) S e—cHxW7 / (W) XOO,S(V777)dVd77 < 00

X0,6

Then
N ([|fo — fellx > Men(log n)?|X") = op,(1)

with
_ d+(D—d)Bo/B
) 1—Bo/BL

. Bo
€n 5 n 2Bo+d+(D—d)Bo/B1 \/ p

_ _Bo
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Comments

e We recover the same rates as for /inear anisotropy (homogeneous)
e Adaptive estimation

e |ocation - scale mixtures : best to use the hybrid version
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How does it work ?

o Key step find Py st KL(F,, fp,) < €2

Kef() = [ | exolx = () E() = OAO,

A [ ol 0 T
- 0 do%dp g4 |’ Tt B 0T

O,, matrix of z — (Prr,z, Prn,z) Then 0 — 0

Ksf®=1f°+0(1), and 3fi: Ksf = f° + O(c”)
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Simulations




e Partially location scale mixture

fo A(x) = / ornolx = 1)dP(. 0)

o P ~ DP(AN(“|10, o) ® pmr)

o )\ % IG(1, by)
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e Partially location scale mixture

fo A(x) = / ornolx = 1)dP(. 0)

o P ~ DP(AN(“|10, o) ® pmr)

o )\ % IG(1, by)

o Fixed by = --- = bp or Hierarchical b; 2 Exp(1)
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Spiral2d : affsct ofthe prior
prior 3, 50,001

prior 3, b-1 prior3, b5,

=zl

NIW prior
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Observed data
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Density : observed data

Density : observed data
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Open questions

e Scalable algorithm in dim D large
e Implementation of the hybrid

e [s the rate optimal if § very small 7
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