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Introduction

example: data on Environmental Quality Index

o available at website of United States Environmental Protection
Agency https://edg.epa.gov/data/Public/0RD/NHEERL/EQI

o Lobdell et al. (2011)

o EQI: variables from five domains — air, water, land, built and
sociodemographic

o 3141 observations (representing different locations across the US)

219 variables
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Introduction

consider here variables with more than 90% of unique values

restricting to 3 domains (air, land and water) ...

Table: List of selected variables. Units do not affect analysis and are thus omitted.

Domain Dimension  Variables

Air 9  Acrolein, Acrylonitrile, Carbon disulfide, Chlorobenzene,
Glycol ethers, Methanol, Methyl isobutyl ketone, Polycyclic
organic matter/polycyclic aromatic hydrocarbons, Selenium
compounds

Water 9  Ammonium, Calcium, Chloride, Magnesium, Nitrate, Po-
tassium, Sodium, Sulfate (all in precipitation), Mercury (de-
posited)

Land 4 Lead, Zinc, Copper, Herbicides

Combined 22 All the above variables
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Introduction

bivariate association measures and copulas
standard measure of strength of pairwise dependence:

Pearson’s correlation coefficient

(P) _ COV(Xl, XQ) _ E<X1X2) — E(Xl) E(XQ)
P, Xe) v/ Var(X1)Var(Xs) v/ Var(X7)Var(X>)

if (X1, X5) has a bivariate normal distribution function, then p(P) (X1, X3)
completely characterizes the dependence structure

needs assumption of finite variances

— need for other association measures

Spearman’s rho

Kendall's tau
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Bivariate association measures and copuals

many association measures for measuring strength of dependency
between X7 and Xs:

e Kendall’s tau

with (Y7,Y3) an independent copy of (X1, X3)
T(Xl,X2> =Pr [(Xl — Yl)(Xg — YQ) > 0]—PI‘ [(Xl — YI)(XQ — Yg) < 0]

e Spearman’s rho
with (Y1,Y3) and (Z1, Z3) two independent copies of (X1, X2)

pO(X1,Xs) = 3{Pr[(Xi—Y1)(Xo— Zs) > 0] — Pr[(X1 — Y1)(Xa — Z») < 0]}

L Cov(R(X), B(X2))  p -
= \/Var(F1(X1))Var(F2(X2))_P (F1(X1), Fo(X2))

=Uy =Us

e Gini's gamma
e Blomquist beta
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Bivariate association measures and copuals

what about the dependence structure?
copula function

joint cumulative distribution function of (X1, X2) :
F(x1,29) = Pr(Xy < 21, Xo < 9) (21, 72) € R?

marginal cumulative distribution functions :
Fl(xl) :P(Xl S.’L’l) FQ(.CEQ) :P(Xg SXQ)

Sklar's theorem (Sklar (1959)); 3 function C : [0,1]?> — [0, 1] such that

F(m,xz) :C(Fl(xl),F2($2)) (:(,‘1,.%2) €R2

if F1(z) and F»(x) are continuous in z, then C is unique

C fully describes the dependence structure between X; and X,

C'is joint distribution function of U; = F(X;) and Uy = F»(X2)
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Bivariate association measures and copuals

copula and association measures

copula association measure

C Kendall's tau 724/ C(u1,u2) dC(uy,uz) — 1
Spearman’s rho  p =12 / C(u1,u2) duy dug — 3

Blomqvist's beta [ =4C(0.5,0.5) —
1
Gini's index y=4 { C’(u,l—u)du—/ [u— C(u,u)]du
0 0

any of these association measures:
functional of the bivariate copula C' (= C3)

/‘fQ(CQ)
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Bivariate iation and

example: heatmap of the empirical pairwise Spearman’s rho values
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Multivariate association measures and copulas

multivariate association measures‘
d-variate random vector X = (X1,..., X4)"

aim: how to measure association between the d components ?
which properties ?

what happens if d increases, and eventually tends to infinity 7
F': joint cumulative distribution function of X
Fy, ..., Fy: continuous marginal distribution functions of X1,..., Xy
applying Sklar's theorem: 3 function Cy : [0,1]? — [0, 1] such that
F(x1,...,2q) = Cq(F1(x1), ..., Fy(2zq)), (21,...,24)" € RY

Cy joint cumul. distrib. funct. of U = (Uy,...Ug) " = (Fi(X1),..., Fa(Xa))":

Cy(u) =Pr(U < u) w=(uy,...,ug)" €[0,1)¢
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Multivariate association measures and copulas

multivariate association measure:
kq: Cop(d) — R Cop(d) =set of all d-variate copulas

Cd — Iﬁ?d(Cd)

what do we expect as properties of such a function ?

some concepts and notations: for a copula Cy of U, define
« survival function Cy(u) = Pr(U > u)

e the survival copula C&g is defined as the copula of 1 — U, that is

Ci(u)=Pr(1—U <u)=Pr(U >1—u) =Cy(1—u)

« concordance ordering for copulas A4, By € Cop(d):

Ay =c By <= Yu €[0,1]¢: Ay(u) < By(u) and Ag(u) < By(u)

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas

« reflections of the d-dimensional unit cube [0, 1]%:

a mapping ¢ : [0,1]¢ — [0,1]% is a reflection if £(u) = v where for

i€{l,...,d} we have v; = u; orv; =1 —w;
set of all reflections: Ry

for any reflection £ € R4, we can define a new copula CS

oo reflection with respect to all components:

will be denoted as o, thatis o(u) =1 —u

if Cq is copula of (X1,...,Xq), then CJ is copula of (—X7,...

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas

axioms for multivariate association measures
Rényi (1952), Scarsini (1984), Taylor (2007), Schmid it et al. (2010), ...

(A1) (Normalization) kq(My) = 1, kq(I14) = 0.

(
(As) (Continuity) If lim, o0 Cam(u) = Cy(u),Yu € [0,1]%, then
limy, 00 £a(Cam) = ka(Ca).

(A3) (Permutation invariance) kq(C7) = kq(Cq) for every permutation .
(A4) (Ordering) If Cd,l <c Cd’g, then Hd(cd,l) < Iid(Cd’g).

(As) | (Duality) kq(CT) = £a(Cq).

(As) (Reflection principle) > ccr, /id(C ) =0.

(A7) (Transition property) There exists a constant r4—1 such that

ka(Ca) + £a(CS") = ra—1ka—1(CTY)
(Ag) | (Independent component addition) For X4, independent of (X1,..., X4)"

Iid(cd) > Hd+1(Cd+1) > 0, or Hd(cd) < de(CdH) <0,
or nd(Cd) = Iid+1(cd+1) =0.
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Multivariate association measures and copulas

how to get to multivariate association meaures ?
does an association measure satisfy these expected, minimal, properties ?

which other properties do they exhibit?

two main approaches towards getting to multivariate association measures:

o pairwise approach: rely on looking at values of bivariate association
measures

o copula approach: generalize the bivariate structure to multivariate set-
ting

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels 13



Multivariate association measures and copulas

pairwise approach
e K9: bivariate association measure
o create a d-variate association measure as an average of all pairwise
measures, i.e.

1 - -
kg (Ca) = — Z ko(Cy7)  with C37 copula of (X;, X;)T
(5) 1<i<j<d

o does such an approach fullfills the desired properties?
Proposition
Let k2 : Cop(2) — R be a bivariate measure of association
Define for d € {2,3,...}, the measure k"W : Cop(d) — R, and set
rg—1 = 2(d — 2)/d in axiom (Ar7).
Then {(k5Y,74)}52 5 fulfils axioms (A;) to (As).

pairwise approach leads to a ‘reasonable’ multivariate association measure if the
initial bivariate measure is ‘reasonable’ ...

but : pairwise-constructed measures always assign value 0 to vectors having pair-
wise independent components no matter if there is an association of higher
order ...

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas
copula approach
e multivariate Spearmans’s rho
o recall bivariate Spearman'’s rho:
COV(Ul, UQ)

p(X1, Xa) = \/Var(Uy)/Var(Uz)

o this can be expressed as
11[0’1]2 U1UQdCQ(U1, UQ) — (1/2)2

pCo) = (1/12) (1/12)
Jioape M2(w)dCa () — [ 112 Ha(u)dII(u) .
u = (u1,us)
/ H2(u)dM2(u)—/ o (w)dIly ()
(0,1]2 [0,1]2
=1/3 =1/4
where

IIo(uw) = uyus  independence copula

Ms(uw) = min(uy,uz) comonotonicity copula, Fréchet upper bound
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Multivariate association measures and copulas

« a first multivariate generalization (Wolff (1980)) is

f[O,l}d Cy(u)du — f[OJ}d y(u)du
Md(u)du—/ II;(u)du

[0,1]7 [0,1]

=1/(d+1) =1/2d

= hy(d) {2d Cy(u)du — 1}

p1(Ca) =

[0,1]¢

with h,(d) = (d+1)/{2% — (d + 1)}
e or start from alternative expression in bivariate case, obtained after
integration by parts (Schmid et al. (2007))
f[0,1]2 OQ(u)dHQ (u) - f[071]2 1L, (u)dHQ (u) . f [Cz(’u,) — I, (u)} dIl, (u)
Joap2 M2(u)dlIz(w) — fig o Ha(w)dllz(u) [ [Ma(w) — Iz (u)] dIT2(u)

p(C2) =

standardized average distance between C5 and I,
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Multivariate association measures and copulas

o leads to an alternative multivariate generalization (Joe (1990), ...)

o two generalizations of bivariate Spearman’s rho:

[0,1]¢

p1(Ca) = hy(d) {Qd Ca(u)du — 1}

pg(Cd) = hp(d) {Qd/[ " Hd(u)dC’d(u) — 1}
0,1
which of these generalizations is preferable ?

e both p; and p9 satisfy (A1) — (A7)
except for the duality axiom (Ajs) (see Schmid et al. (2010))

(Ag) is satisfied for p; and p2 (G. Kika & Omelka (2021))

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas

multivariate Kendall’s tau
o bivariate Kendall's tau:

T(Xl,XQ) = PI‘{(Xl — Yi)(Xg — YQ) > 0} — PI‘{(Xl — Yl)(XQ — YQ) < 0}
where (X7, X2) has copula Co

e can be expressed as

T(CQ) =4 C’g(u)dC'g(u) —1
[0,1]2
o can be generalized as (Nelsen (1996), ...)
7(Ca) =

[0,1]¢

7(Cyq) satisfies (A1) — (Asg)
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Multivariate association measures and copulas

multivariate Gini’'s gamma
o bivariate Gini's gamma

A(C) = 2 / (Mo (w) + Wa(w) + V() + TWa(w))dCh (w) — 2
[0,1]2

Mo (u1, u2) = min(ui, uz) comonotonicity copula Fréchet upper bound
Wa(u1,u2) = max(u1 + u2 —1,0)  countermonotonicity copula  Fréchet lower bound

Wy < C < M,

o first multivariate generalization (Behboodian et al. (2007))

71(Ca) = m / (Ma(u) + Wa(u) + Ma(u) + Wa(u))dCa(u) — a(d)
0,1]4
where
=2 4 Lt ; (4 L b(d) =2 >k
) =T @t 2 G D=2-25
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Multivariate association measures and copulas

o alternative expression for bivariate Gini's gamma:

Ms(u) + Wg(u)> .
2

V) =8 [ Calupd (

[0,1]2

o leads to multivariate generalization (Taylor(2007))

2d 1
Wz(cd):ﬁ / (Ca(u) + CJ (u Z Mj(u ~5d 1
[0,1)¢ {ERd

o can conveniently be expressed in terms of reflections

yz(od)zﬁ > /0 (Ca(€(uy. .. u) + Cal€(u,. .., u)))du — 2

which involves only calculation of one-dimensional integrals!

which of these two generalizations is preferable ?
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Multivariate association measures and copulas

o two generalizations of bivariate Gini's gamma:

7 (Cq) = m / (Ma(w) + Wa(u) + Ma(u) + Wa(u))dCa(u) — a(d)

0,1]4

15(Ca) = 51— (Z [ (Catetu. ) +cd<£(u,...7u>>>du—2)
gery /0

o has been shown that (G., Kika & Omelka (2021))
e 7 satisfies (A1) — (43)

does NOT satisfy duality axiom (As) and (As)
e o: satisfies (A1) — (Asg)

simpler expression (only one-dimensional integrals)

bivariate = multivariate association measures

not so straightforward; which version matters ...
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Multivariate association measures and copulas

multivariate association measures in increasing dimension
what happens with association measures in case of growing
dimension ?

o difficult to study in full generality

o study in 2 settings: Archimedean copulas
meta-elliptical copulas
Archimedian copulas:
* Cy is a d-dimensional Archimedean copula if for any u € [0, 1] it
permits the representation

Ca(u) = [ (wr) + -+ ¢~ (ug)]

for some Archimedean generator

¥ :[0,00) — [0, 1] a nonincreasing and continuous function
satisfying ¢(0) = 1, lim, o0 ¥(x) =0
is strictly decreasing on [0, inf{z : ¥(z) = 0})

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas

e Archimedian copulas and multivariate association measures in

increasing dimension
o Spearman'’s rho in increasing dimension Wysocki (2015) showed

lim p1(Cy) =c¢1 €[0,1] <= lim (d+ l)/ Cy(u)du = ¢;
d—o00o [O,l]d

d—o0
lim pa(Cy) =c2 €[0,1] <= lim (d+ 1)/ Iy (u)dCy(u) = co
d—o0 d—o0 [0,1]¢
unknown: whether strict positive ¢; and co are possible (achievable)
e Kendall’s tau in increasing dimension Wysocki (2015) showed
lim 7(Cy) =0
d—o0

or Archimedean copulas are not able to carry any association
(measured with Kendall's tau) in very high dimension
o Gini’'s gamma in increasing dimension
o established explicit expression for y5(+) in terms of generator
o shown that (Kika, G. & Omelka (2021))

lim 2(Cy) =0
d—ro0

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels



Multivariate association measures and copulas

e meta-elliptical copulas and multivariate association measures in
increasing dimension
meta-elliptical copulas are copulas with elliptical contours

e Genest et al. (2011): all meta-elliptical copulas with the same
correlation matrix also share the same Kendall's tau value
Kendall's tau depends only on the correlation matrix

« more precisely: Cy; copula of U = (Uy,...Ug) "

meta-elliptical copula with correlation matrix R = (o;;), with
0ij € [—1, 1]; then

7(Cy) = %_1{—1 +2¢Pr(Z > 0)}

2

Z is d-variate mean zero normal random vector with correlation matrix R
o what happens if d increases ?

o so far: answer is known only for some specific correlation structures

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas

o correlation matrix R of the form

0ij = NiNj, 1F#]J

)\j S [—1, 1]

covers an equicorrelated correlation matrix
for which g; ; = o for all i # j, with p € (=1/(d —1),1)
o correlation matrix R of a banded type and (m + 2)-diagonal (with

m € Zso), and takes the form

1, ifi=j
Qi}j = Ci,j if |Z_.7| S {13 ,7’77/}
0, ifli—j|>m

where ¢; ; = ¢;; € [-1,1] are con-
stants, not all zero, and such that
R is a correlation matrix

*x 00 ... 0
* * 0 ... 0
0 * 1 x ... 0
0 * 1 *
0 0 =
0 0 0 x 1

case (m = 1): tridiagonal matrix; only
non-zero values on main diagonal and

2 adjacent diagonals
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Multivariate association measures and copulas

for both correlation structures Kendall’s tau tends to zero as d tends to
infinity
Theorem

Let {Cy} be a sequence of d-dimensional meta-elliptical copulas with
a correlation matrix R = (9; ;)

(i) first correlation structure: the \; satisfy the assumption that
there exists A\g < 1 such that A\; < A for all j € Z+

or

(ii) second correlation structure

in both cases, it holds that limg_,., 7(Cy) =0

what can happen in case of other correlation structures?
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Multivariate association measures and copulas

nonparametric estimation of multivariate association measures‘

X with copula Cy unknown  (Cj joint distribution of (Fi(X1),..., Fu(Xa)))
N—— N——
=U, =U,
marginal distributions Fy,--- | F; unknown
X1,..., X, random sample from X = (X1,...,X,)"
where X; = (X1,4,... Xa;) ' forie {1,...n}

nonparametric estimation of multivariate association measures
« empirical marginal distribution function F} for the j-th component

1
Con+1

n

Z ]]-(Xj,i < l‘)

=1

Fjn(z)

lead to pseudo-observations (7]2 = Aj,n(Xj,i) from U; = F;(Xj;)
o empirical copula (recall: C'(u) =Pr(U < u))
~ 1 <N A ~
Cn(u) = - z; LU <wui,...,Ug; < ug)
1=
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Multivariate association measures and copulas

« and empirical survival function (recall: Cy(u) = Pr(U > u))

= 1 n ~ ~
Cn(u) = ﬁz LUy > u,...,Ugs > ugq)
=1

 nonparametric estimator of an association measure x(C)
Fn = K(Ch)
quality of estimator &, depends on that of C,, (for the copula Cy)

uniform convergence of empirical copula process
(Tsukahara (2005), Schmid et al. (2007), Segers (2012), ...)

joint weak convergence of empirical copula process and empirical survival
copula process

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas

 nonparametric estimators for Spearman’s rho (Schmid et al. (2007))
 nonparametric estimator for Kendall's tau (Genest et al. (2011)):
2d

1
Tn = 1(X; <Xj)| —1
Tn 2d—1 _ 1 n(n —1) ; (Xi < J)
i#j

asymptotic normality result: as n — oo

V(@ —1(C)) 25 N(0,02)

d 2
where 02 = <2d21_1> Var(C(U) + C(U))

 nonparametric estimator for Gini's gamma (Kika, G. & Omelka (2021)):
~ D :
Vvn (’yzn — 72(0)) — N(O, U,Qyz) with 032 = ...

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels



Multivariate association measures and copulas

standard errors of the estimators
o get approximate standard errors by bootstrap procedures

o rely on asymptotic normality results, but focus on the main terms in
the i.i.d. representations ...
o for example for Cl for the multivariate Kendall's tau:
¢ variance Var(C(U) + C(U)) can be estimated, using ideas from

U-statistics, by the sample variance of Wy,... W, i.e.
~2 1 ¢ T )2 774 1 ¢
On=— ;(Wi ~W,)?% where W, = ﬁ;m
with
W, = ! i I(X; < X5) + ! i (X, > X;)
n—1 4 N el ! '
J=1,j#i J=Lj#i

~ - . d =~
+ the standard error of 7,, is estimated by 52— 7=

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas

real data application: data on Environmental Quality Index (EQI)

Table: Estimated multivariate association measures for EQI dataset (bootstrap SE).

Domain d Dan Tn Yon
Air 9 0.44 (0.008) 0.29 (0.007) 0.29 (0.006)
Water 9 0.04 (0.004) 0.03(0.002) 0.02 (0.002)
Land 4 0.30(0.011) 0.21 (0.008) 0.23 (0.009)
Combined 22  0.00 (0.000) 0.00 (0.000) 0.00 (0.000)
AirPlus 12 0.23 (0.008) 0.15 (0.005) 0.14 (0.006)
Domain d /A)TPLW W %:W
Air 9 0.60 (0.007) 0.44 (0.006) 0.49 (0.006)
Water 9 0.05(0.005) 0.04 (0.004) 0.03 (0.004)
Land 4  0.33(0.011) 0.24 (0.008) 0.27 (0.009)
Combined 22  0.11 (0.003) 0.09 (0.002) 0.09 (0.002)
AirPlus 12 0.50 (0.007) 0.36 (0.005) 0.40 (0.006)

AirPlus: all 9 variables from the air domain, extended with 3 variables from

the water domain (Sulfate, Mercury and Chloride)

Statistical Methods and Models for Complex Data, Padova

Iréne Gijbels
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Multivariate association measures and copulas

’ multivariate tail coefficients

o bivariate lower and upper tail coefficients:

. . . Co(u,u
A(Cs) = il\(mo P(Us <u|Uy <u) = il\(mo P(Uy <u|Us <wu) = i@)%

) . . 1—=2u+ Co(u,u
u(C2) Ty (U > u|Uy > u) lim (UL > u|Us > u) lim —

o multivariate tail coefficients in the literature 7
o Frahm's extremal dependence coefficient (Frahm (2006)):
with Upax = max(Uy, ..., Uq) and Upin = min(Uy, ..., Uy)

er(Cy) = lim P(Unax < u[Upin < u) = lim _Calw,.uw)
uN\0 O 1 —Cy(u,...,u)
éd(u, cen ,u)

u/11— Cylu,...,u)
coefficients are not equal to A, Ay respectively in the bivariate case:
AL(Ca) Ay (Co)
Cy) = —————— Cy) = —————
() = 573,(Co) w(C) = 350G
different type of tail dependence coefficient ...

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels 32



Multivariate association measures and copulas

o Li's tail dependence parameter (Li (2009), De Luca & Rivieccio (2012),..)

consider a subset of indices: () # I, C {1,...,d} such that |I,| = h
and deh = {1, c. 7d}\Ih

lower and upper tail dependence parameters:
Aldasr () = lim P(U; < u,¥i € U < V) € Ja)
u

Aprldasr () = lim P(U; > Vi € BfUs > u,¥j € Ja-)

heavily depends on the choice of the set I},
includes the bivariate tail coefficients as special cases
(h=1, 1 ={1} and J; = {2})
o Schmid’s and Schmidt's tail dependence measure
(Schmid & Schmidt (2007))

(o
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Multivariate association measures and copulas

additional study:

e in case of extreme value copulas: tail dependence measures in terms
of Pickands dependence function
tail dependence using subvectors (compare with pairwise approach)

o set of desirable for multivariate tail coefficients

investigate the properties of the tail coefficients, starting from these

o how do they behave when d increases ?

... Kika, G. & Omelka (2020), ...

e how to estimate them nonparametrically ?

let's have a look at one multivariate tail coefficient ....
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Multivariate association measures and copulas

¢ problem when estimating tail coefficients: need to deal with the limits

¢ Frahm’s lower tail and upper tail dependence

e1(C) = lim Ccéu,...,u)
uNO 1 — Cy(u,...,u)

¢ consider u,, >0
nonparametric estimator of €y, is

~ Cotin, .., un
er(un) = A( )

1—Ch(tn, ... up)

assumptions on sequence: such that u,, — 0 and nu, — oo, as

n — oo
¢ in univariate setting: nu, can be interpreted as number of extreme

observations
¢+ how to choose u,, 7 (G. Kika & Omelka (2022))

Statistical Methods and Models for Complex Data, Padova Iréne Gijbels
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Multivariate association measures and copulas

application in variable clustering

suppose d objects, denoted X1,..., Xy

n observations on these objects

aim: find clusters in the d objects

o using agglomerative clustering methods
e see e.g. Di Lascio, Durante & Pappada (2017), ...
o start: each variable is one cluster (of size 1)
o in each step: two clusters are merged together
o example of approach: using linkage method
* for each pair (X, Xi) calculate a bivariate similarity measure s,
* translate this into dissimilarity measures: g : [—1.1] — [0, +00)
decreasing function with g(1) =0

diss; i, = g(sj,x)

examples: g(z) = /1 —z, or g(x) = /1 — 2
* linkage method: describes how dissimilarity between 2 clusters can be
based on dissimilarities among elements of the cluster

approach using multivariate dissimilarities: see Fuchs, Lascio & Durante
(2021) ...
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using multivariate dissimilarities ....
o two vectors Y and Z, of dimensions d; and ds
consider (Y7, ZT)T, of dimension say d, with copula Cy

o example of dissimilarity function

-1 _
diss; (Cy) = <22d1> (1—-7(Cq))

o (iterative) clustering procedure

* suppose 7 clusters in the current iteration

* for each pair of clusters M} and My, k,{=1,...,r, k # ¢, calculate
dissimilarity

* merge 2 clusters with smallest dissimilarity measure

* continue to do this until all variables are in one cluster

o stopping rules can be considered, e.g. impose an upper bound for
dissimilarity (no longer merge when this is exceeded)
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example: data on Environmental Quality Index

Acrolein
Chlorobenzene
Glycol ethers
MIK

® Lead

® Zinc

® Copper
Acrylonitrile

® Nitrate

. Carbon disulf.
Air domain _'—|

® Water domain Methanol
i : POM/PAH
@ Land domain __| S,

. Magnesium
‘-!—:: Potassium

j —® Sodium

. L—e chioride

® Calcium

° ® Ammonium
.

_|_|

0

® Herbicides
® Sulfate
® Mercury

r

1.

T T T T 1
0.8 0.6 0.4 0.2 0.0

Dissimilarity
FIgU re: Clustering of chemical substances in EQI by extreme high concentraties. Vertical dotted line: dissimilarity of 0.95.

11 clusters; mostly of size 2; 1 cluster of size 3; 1 cluster of size 4; ...
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measuring associations between random vectors
.... based on comparing clusters pairwise ....

what is we want to look at say £ clusters simultaneaously ?

o need association measure between k£ random vectors, not only 2

o how to measure association between k random vectors ?

some recent approaches:
o ¢-divergences (cf information theory) (De Keyser & G. (2022), ....)
o based on optimal transport ideas (Mordant & Segers (2022), ...)

(S
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measuring associations in more complex (different) data structures

o what if random variables are not real values, but curves, images, ... ?
o what if data live on a circle, a torus, ...7

how to measure (strength of) dependence in these cases?

for circular data: bivariate case
o random angles ©1, ©2, with joint (circular) cum. distr, function F'
and marginals F; and Fy
o a bivariate circula is defined as
(Kato et al. (2022), Ameijeiras-Alonso & G. (2022), ...)

F(61,00) = C (2nF1(01) — 7, ...,2nF(0) — 7)) (01,605) € [—m,7)*

with C' : [—m,m)? — [0,1], a bivariate circular distribution whose
marginals are circular uniform distributions
(circular periodicity, i.e. Fj(6 4 2m) — F;(0) = 1)
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o consider
X1 = (cos(01),sin(01))"  Xg = (cos(Os),sin(O)) "

X1, Xz values in [-1,1]? Cc R?

o since circular uniform marginals: for s € {1,2}
E(X,)=0" and E (xsxz) =1,/2

where |y is the identity matrix of size 2
o furthermore

32
- E (xlxg) —E(X1)E(X2)"

f:r f:r sin 61 sin 02 C(01,02)d01df2 — 1 — flr f:r cos 61 sin 02 C(01, 02)d0:d02
- ( —ffﬁ ffﬂ cos 61 sin O C (61, 02)d01dO2 ffﬁ ffﬂ cos 01 cos B2 C(01,02)d01db2 >

available dependence measures in terms of this matrix ....
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notation: A;(X) and A\o(X): eigenvalues of matrix X

Table: Dependence measures when applied to circulas.

Expression Reference

Tr = 4 det(Xq2) Lee & Fisher (1983)
Tw = vmax{A; (4% 1:37,), A2 (43122 ],)} Johnson (1977)

Tim = trace(42 12X ],) Jupp (1980)

TR — QSign(det(Elg)) mln{|7\1 (212)|, |}\2(212)|} Rivest (1982)
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further issues

« what happens with dependence structures/strengths when variables
are added to a vector:

an independent vector

or a canonical combination of components already included .. ?

or a set of arbitrary components ?

S 00 0

o what are reasonable association measures, in particular in high
dimensions ?

how to measure dependence for complex data structures ?

Thank you
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