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1. Bernstein-Von Mises Theorem

Under regularity conditions, the total variation distance between the posterior distri-

bution and a particular Gaussian distribution converges to 0 in probability.
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The limiting behaviour may require a large sample size before becoming visible. By adopting as limiting

law a skewed generalization of the Gaussian distribution, we show that it is possible to obtain

substantially more accurate results

2. Notation

{Xi}n
i=1 sequence of independent random variables with probability measure P

(n)
θ0{

P
(n)
θ , θ ∈ Θ ∈ R

p
}

`(θ) : log-likelihood
π(θ) and π(θ | X (n)) : prior and posterior

First three log-likelihood derivatives at θ0 : `(1) =
[
`(1)

r

]
, `(2) =

[
`(2)

rs

]
, `(3) =

[
`

(3)
rst

]
for

r, s, t = 1, . . . , p

Einstein’s summation convention adopted

3. Skew-Symmetric distributions

Definition: A random variable θ, is skew- symmetric if its probability density function takes

the form

p(θ) = 2p0(θ)G{w(θ)}

Where

p0(·): pdf symmetric about 0

w(·): odd function from R
p → R

G{·}: continuous univariate cdf with G{−θ} = 1 − G{θ}

Inclusion of location and scale parameters:

Y = µ + Σθ

Special case: p0(·) is a multivariate normal pdf, G{·} is the standard normal cdf and

w(·) is an odd polynomial function

Simulation:

1. Simulate from θ∗ ∼ P0

2. Simulate a Bernoulli random variable Z with probability G{w(θ∗)}
3. θ = θ∗(2Z − 1) is skew-symmetric with density 2p0(θ)G{w(θ)}

4. Main result: skew Bernstein-Von Mises

For h =
√

n(θ − θ0) consider as limiting distribution

pδ,V,n(h) =2φp (h | δ, V ) Φ (α(h))
where

φp(· | δ, V ) : is a p-variate Gaussian density with mean δ and covariance matrix V.
Moreover, Φ(·) is the standard normal cdf

δs = (−`(2)/n)−1
st wt, where wt = {(`(1) + log π(1))/

√
n}t

V = [vst] =
[
−`

(2)
st /n − (δl`

(3)
stl)/n3/2

]
α(h) =

√
2π

12
√

n

`
(3)
stl

n {(h − δ)s(h − δ)t(h − δ)l + 3(h − δ)sδtδl}

Theorem (Skew Bernstein-von Mises)

Under regularity conditions on the log-likelihood ratio and its derivatives, if the map θ → P n
θ is one-to-one, θ0

is an inner point of Θ and the prior measure is absolutely continuous with bounded and positive density in a

neighbourhood of θ0, then

|| Π(· | X(n)) − Pse(·) ||TV = Op({log n}p/2+3/n)
where || · ||TV is the total variation norm and Pse(S) =

∫
S pse(h)dh for S ⊂ R

p

5. Skew Bernstein-Von Mises (Gamma)

Simulation with n = 15, Xi
iid∼ Ga(α, β), α ∼ Exp(2) and β ∼ Exp(2)
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6. Skewmodal approximation

Let ˜̀be the log-posterior distribution and θ̃ its maximum. Under some additional

regularity conditions it holds that

‖π(θ | X (n)) − 2φp

(
θ | θ̃, Ω

)
Φ (α(θ)) ‖TV = Op

(
{log n}p/2+3/n

)
where Ω = [ωst] =

[
− ˜̀(2)

st

]
and α(θ) =

√
2π

12
˜̀(3)
stl(θ − θ̃)s(θ − θ̃)t(θ − θ̃)l

7. Real data example (Probit model)

Cushings datset: Prediction of carcinoma in n = 27 patients with Cushing’s syndrome.

Explanatory variables: Z1 = Tetrahydrocortisone and Z2 = Pregnanetriol.

Model: Xi ∼ Be(πi) where πi = Φ(θ0 + θ1Zi1 + θ2Zi2). The prior distribution is

θj
iid∼ N(0, 25), j = 0, 1, 2
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